We use the same symbols such as E, D, B, H, to denote vectors and the magnitudes of vectors. When two of these symbols are in juxtaposition the scalar product is denoted. Usually the two vectors in question are parallel, so that the scalar product is equal to the product of the magnitudes of the two vectors.
3-Fundamental Electromagnetic Formulae
We shall commence by assuming Maxwell's equations in the form We shall assume that s is a single-valued continuous function of E, but we shall not assume that its value is independent of E. We therefore prefer not to call it a dielectric constant. We define the permeability of an isotropic medium by the relation B = 4ttM + pH, (3.8) and make no assumption as to how [x may depend on B or H. This includes as special cases Diamagnetic substance at ordinary field strengths.
Paramagnetic substance.
Ferromagnetic substance without permanent magnetism.
Permanently magnetized substance.
Rigid magnet with no induced magnetism.
In general s and fx will be tensors, but for isotropic substances they may be treated as scalars.
4-System of Fixed Configuration
We commence by considering a system of fixed configuration. We multiply (3.3) by E/4tc . dY and (3.4) by H/4tt . dY, add and integrate over the whole volume of the system. Assuming that the field vanishes at the boundary of the system, we obtain + + = 0' < 41> or multiplying throughout by St
Now consider a cylindrical element of volume of length SI parallel to the current density and so also to the electric field and of cross-section SA perpendicular to the electric field. Then, according to the definition of the current density I, the quantity of electricity flowing through this cylinder in the time St is I SA . St. But the force acting on unit electric charge in the direction of its motion is the component of E in this direction, since the magnetic force is always at right angles to its motion. More over the difference of electric potential between the two ends of the elementary cylinder is ESI. Hence the work done in the time St on the electricity while it is actually passing through this cylinder is I SA . . E or El SV . St, where SY is the volume of the element.
It follows that the work done by the whole system in the time St is just equal to the second term | dY El St in (4.2). By the principle of the conservation of energy this work must be done at the expense of the energy of the system. We may therefore regard the variation SW of the energy of a system of fixed configuration as being of the form where SW = SWe + SWm, Now for each portion of the system, whether matter or empty space, as long as hysteresis is excluded E and D are each single valued functions of the other. The value of SW, is therefore completely determined by the value and variation of E (or alternatively of D) at each point and is thus purely electric. We therefore refer to SW, as the increase of the electric energy of the system. Similarly, if we exclude hysteresis, B and H are single valued functions of each other. The value of SWT O is there fore completely determined by the value and variation of B"(or alter natively H) at each point and is thus purely magnetic. We accordingly refer to SWm as the increase of the magnetic energy of the system. These formulae are of course familiar. We wish, however, to emphasize that the only assumption made concerning the relationship between H and B is that each should be a single valued continuous function of the other. A similar remark applies to D and E. Numerous other formulae are known which are equivalent to those given here under the special conditions that D/E and B/H are constants. These formulae may not be used when these conditions are not fulfilled and it is therefore important to select formulae that are independent of these restrictions. ession j d Y El for the rate at which work is done by the system the integrand El will differ from zero only in parts of the system where both E and I differ from zero, that is in conductors through which currents are flowing. Let us first consider the case that in a certain element of volume dY the current density I has a steady value. Then the contribution El d Y of this element to the expression j d Y El for the total work done by the system is exactly equal to the Joule heat generated in this element. We may therefore consider the whole of the work done by this element as being used to generate its own Joule heat. Now, in each element of volume, when E has a steady value, E is a single valued function of I. If we define the specific resistance a for each portion of matter by the relation E = <rl for steady value of I, (4.6) then the rate of production of Joule heat per unit volume is crl2. Let us now consider the case that I is varying. The rate of production of Joule heat is still <rP per unit volume or j' dY op for the whole system.
The rate at which useful work (such as charging a battery) is done by the whole system is equal to j dY (E -ol) I. We thus have the following According to formula (4.2) we see that the sum of these four quantities is zero. It might be supposed that in discussing the magnetic energy due to electric currents it would be a simplification to imagine all the conductors to have negligibly small resistance, since the Joule effect would then be negligible. But this is not the case because of the difficulty of producing variations of current at constant configuration in a system without elec trical resistance. This difficulty can be overcome by the following device. We suppose the circuits of the system to be fed by batteries connected to the system by pairs of thin wires running close together, so that the two wires of each pair carry the current in opposite directions. The contribution of the currents in these connecting wires to the magnetic energy will then be negligible. If the specific resistance of each pair of connecting wires is very low at some one point effectively outside the magnetic field, then the boundary of the system can be placed so as to cut the wires at these points and so the condition that E and B vanish at the boundary will be effectively satisfied. If moreover other parts of the connecting wires also outside the system are of high resistance, then these parts can be used as variable resistances by altering the length of wire through which the current flows. In a steady state the battery supplies just enough energy for the Joule heat. When the resistance in series with a battery is altered the currents in the system become altered and so does the Joule heat. The rate of flow of energy into the system from the battery is altered to correspond exactly to the change in the rate of pro duction of Joule heat. Superposed on this there will be a flow of energy during the time the currents are being altered. It is this energy which is represented by the variation 8Wm of the magnetic energy of the system. To sum up, we require a Joule effect in order to provide a convenient mechanism for varying the currents, but the energy changes of the Joule effect simply superpose on the magnetic energy changes. We therefore obtain formulae for magnetic energy which are independent of the specific resistance. In particular they are applicable in the limiting case of zero resistance throughout all the conductors inside the system. At a later stage we shall apply our formulae to such a system.
E. A. Guggenheim

5-System of Variable Configuration
It we now allow variations in the configuration of the system, we shall prove that the total energy W of the system can be regarded as the sum of three terms W = w 0 + we+ w m .
(5.1) J he first term W 0 depends only on the configuration and state of motion of the various parts of the system, but is independent of its electric and magnetic state. The second term W e represents the electric energy of the system and is given by
the first integration being over the whole volume of the system and the second being evaluated for varying electric field at constant configuration of the system. In the standard state corresponding to zero value of We there is no electric field, E and D vanishing everywhere. The third term WT O represents the magnetic energy of the system and is given similarly by
the first integration being over the whole volume of the system, and the second being evaluated for varying magnetic induction at constant configuration of the system. In the absence of permanent magnets the standard state corresponding to zero value of Wm is a state in which B and H vanish everywhere. If there are permanent magnets present then it is not possible for B and H simultaneously to vanish everywhere. If, however, each permanent magnet is surrounded by suitable circuits it is theoretically possible for currents to flow in these circuits such that magnetic induction due to them is everywhere equal and opposite to the magnetic induction due to the permanent magnetization. If these are the only currents flowing, then B will be zero everywhere and this state will be the standard state of zero value of Wm. In this standard state H will not be zero everywhere, but will be given by there will be no work of magnetic origin done in moving any of the circuits or magnetic matter, provided only that the current circuits used to neutralize the induction due to the several permanent magnets are rigidly attached to their respective permanent magnets. The one weak ness of Cohn's treatment is his inadequate discussion of this state of zero Wm.
Consider now any variations of the system including variations of con figuration as well as variations of charge and current. Then by the principle of conservation of energy the change of energy must be equal to the sum of the changes of energy in the following three processes :
(1) At constant configuration reduce D and B everywhere to zero. We use the superscript1 to denote the initial state and 11 to denote the final state and we use the operator A to denote the increase of a function in a finite process. Then according to the formulae of § 4 we have:
According to the definitions and discussion just given of the standard state, AW for step 2 will be of the form
where W0T and W0n are completely determined by the configurations of states I and II respectively. Hence for the whole variation, we obtain by summation Wn -Wi = (W0n + W n +' W mn -(W0i + and as this relation must hold for the most general variation we have justified formula (5.1). By choosing the states I and II differing only infinitesimally from each other we obtain the following proposition. For any infinitesimal varia tion of the system, including variations of configuration, the increase SW of the energy is of the form SW = 8W0 + SWe + SWm, (5.11)
where We and Wm are defined by (5.2) and (5.3) respectively. To avoid any confusion we would emphasize that the integrals in (5.2) and (5.3) are each to be evaluated at constant configuration, but (5.11) is applicable for varying configuration. It is, of course, permissible to add any arbitrary constants to the values °f We and w m, since it is only variations of W{ and Wm that are important. In other words, the choice of states of zero W e and Wm is arbitrary. According to our choice, variations of configuration in states of zero We and Wm will involve no work of electromagnetic origin. According to any other convention this would not be true.
6-Energy of Electrostatic System
By an electrostatic system is meant one in which B, H and 1 are every where negligibly small. They cannot be absolutely zero if we admit varia tions of position of charged conductors. But by restricting all such displacements to be very slow we can satisfy the required conditions. Maxwell's equations then reduce to, and it follows that If the free electric charges are all on the surfaces of conductors p is zero except at these surfaces where p becomes infinite, but in such a manner that jp dW remains finite. We can then write (6.4) in the alternative We = s r < M Q r, (6.5) r Jo form where 4v denotes the electrostatic potential of the conductor All the integrals are to be evaluated at constant configuration.
These formulae are, of course, all familiar, but we wish to emphasize that they are independent of any assumed relation between D and E. If e is not a constant, as might well happen for very intense fields (saturation effect) or for varying temperatures, it is no longer true that the can be expressed as linear functions of the Qr and then Wc^Z i 4 rQr.
(6.6) r Formula (6.5) is however always valid.
7-Equations of M otion of Electrostatic System
We suppose the configuration of a system of conductors and dielectric matter to be definable by a number of generalized coordinates a. We denote the corresponding generalized forces by X and conjugate momenta by p x. Since in an electrostatic system all the charges are at rest the electrostatic energy We is potential and so the Lagrangian function S£ is of the form 9? = 2 ! W" (7 where <jir is a function of all the Q and all the a and the integral is to be evaluated at constant a. The momentum p x is defined by _ dse Px 3a 0a ' (7.
3)
The Lagrangian equations of motion become
The generalized force X is therefore of the form The Hamiltonian equations of motion are
3JT°3 a |y +r (Q, a) (7.6) (7.7) (7.8)
The latter is equivalent to (7.4) and leads to (7.5) for the generalized force X.
There is nothing new in these equations. They are quoted for com parison and contrast with the analogous equations for a magnetic system. All these formulae are valid even when D/E is not a constant for each portion of dielectric.
On Magnetic and Electrostatic Energy 59 8-Energy of Stationary M agnetic System
If p and dD/dt are effectively zero everywhere we have a stationary magnetic system and Maxwell's equations reduce to where <1> S denotes the total magnetic flux threading the circuit 5. Using (8.6) and the fact that / , is a constant over the circuit we can transform where O, denotes the total magnetic flux threading the circuit 5 the integral to be evaluated at constant configuration of all circuits and all magnetic matter. We wish to emphasize that these formulae are independent ol any assumed relation between H and B. They are valid in the presence of ferromagnetic matter and even permanent magnets. Under such con ditions the ®s will not be linear functions of the and then
Wm ^ S i< D S. (8-8)
s C Formula (8.7) is, however, always valid.
9-Equations of M otion of Closed M agnetic System
We shall consider a system of linear conductors and magnetic matter including ferromagnetic substances and permanent magnets but excluding hysteresis. Denoting by es the quantity of electricity that has flowed through a circuit s since the time zero, we have e, = \ h dt Jo (9.1)
II (9.2)
We may treat es as a generalized coordinate and as the corresponding generalized velocity. The conjugate generalized momentum is < f's/c ; we shall assume this and verify that the assumption leads to correct results. We further denote geometrical generalized coordinates by x, the corre sponding generalized forces by X, and the conjugate momenta by p x. For the sake of simplicity we shall from now onwards treat the con ductors as having zero resistance. No batteries are then required to maintain the currents and each circuit can be insulated and at constant electric potential. The middle term in (4.1) is then zero. There is then no energy exchange between the system and the surroundings. Such a system may be described as a " closed system without resistance The Hamiltonian function will then be of the form
where denotes the value of M , for the given geometrical configuration and motion the only currents being just those required to neutralize the magnetic induction due to the permanent magnets. Each is to be regarded as a function of all the ® and x. Each integral is to be evaluated at constant configuration. The Hamiltonian equations give
Of these (9.4) is the usual relation between velocity and momentum for a mechanical system. (9.6) is an identity confirming the correctness of our assumption that ®s/c is the conjugate momentum of es. (9.7) gives the general law of induction in linear currents for any displacement of either circuits or permanent magnets or magnetic matter in a closed system without resistance. Finally (9.5) tells us that the generalized force X is of the form
where X0 is the value of X for the given configuration when the magnetic induction is everywhere zero and the integral is evaluated at constant x. The Lagrangian S£ is defined by where Sd() is the value of S£ for the given configuration and motion when O, is zero for every circuit. In the absence of any permanent magnets, this state is also one of zero is in each circuit; but, if there are permanent magnets in the system, then the state described by zero ®s requires the presence of such currents as will neutralize exactly the induction due to the permanent magnets. From (9.10) we see that dse K ~ c ' (9.11) which again verifies that OJc is the generalized momentum conjugate to es and corresponding to the generalized velocity * ,.The Lagrangian equations of motion are dp* =
(9.12) (9.13)
The latter formula is the same as (9.7) and gives the general law of induc tion for a closed system without resistance. The former tells us that the generalized force X is of the form (9.14) where the integral is to be evaluated at constant x. The equivalence of (9.14) and (9.8) may be demonstrated as follows. Remembering that the integrations are to be performed at constant x, we have:
thus establishing the equivalence of (9.14) and (9.8). These should be contrasted with the corresponding formulae for an electro static system
The lack of complete analogy is a natural consequence of the fact that magnetic energy is kinetic whereas electrostatic energy is potential. The law of induction (9.7) or (9.13) can be obtained only by using the correct formulae for and <£t. If, however, it is req only the mechanical law (9.8) or (9.14) this can be obtained by fictitiously treating the magnetic energy as potential if we replace S£m by f£'m where
We wish to emphasize that in general * -(9.24)
contrary to the statement of Livens.*
10-Equilibrium Condition of Electric Charges
It is stated in numerous text-books that in a system of fixed electric conductors the charges distribute themselves over the conductors in such a manner that the electrostatic energy becomes a minimum if the con ductors are insulated and a maximum if the conductors are kept at constant potentials. We shall investigate this paradoxical statement and shall find that it is not entirely accurate. According to the principle of virtual work the general condition for the stable equilibrium of any isolated system is that its potential energy should be a minimum. The corresponding condition for the stable equilibrium of a system that is not isolated is that the sum of the potential energy of the system and the work done on the system by external agencies should be a mini mum. If this principle be applied to a system of fixed insulated conductors we obtain the condition that for constant Qr the value of the electro static energy must be a minimum. For a system of fixed conductors kept at constant potentials the principle of virtual work leads to the condition that for constant it is We -2 <Jv Qr that must be a minimum, where W€ is the electrostatic energy of the conductors. Alternatively we may state the condition in the form that for constant <Jv the value of 2 4r Qr
We must be a maximum. For brevity let us write By substituting (10.2) into (10.1) and integrating by parts we obtain the corresponding formulae for W*:
W , E S i Q r-W e . which shows that is not generally equal to W, but only in the special case that e is independent of E. The fact that in practice e usually is independent of E has led to the name electrostatic energy being assigned to both Wp and Wj,. Strictly this name should be reserved for W,"
11-E n er g y of M ag nets in A bsence of C u r r e n t s
We shall now show that our general formula (5.3) for magnetic energy agrees with certain more familiar, but more specialized formulae for magnets in the absence of currents. We shall now restrict ourselves to the case that [x is constant, that is to say independent of B, in each piece of matter. We then have according to (5.3) and (3.8)
The integrations from a lower limit corresponding to B = O imply vari ations of such currents as in the state of zero Wm exactly neutralize the induction due to any permanent magnets. There is however no require ment that there should be any currents present in the final state of the system. Hence even for a system of magnets with no currents, provided [x is independent of B, we may write If we divide (11.7) by and subtract from (11.2) we obtain
Hence for a variation in configuration we have (11.9) since M2/[i is constant for each portion of every magnet. It is to be especially noted that M is the intensity of permanent magnetization and does not include any induced magnetization. The formulae obtained so far are valid for permanent magnets with superposed induced magnetism, provided that [ j. is independent of B. We shall now restrict ourselves further by supposing that the system contains no induced magnetization but only rigid permanent magnets. Then evidently H at each point is determined by the distribution of the density of magnetism -div M by exactly the same law as E is determined by the distribution of electric charge density p in an electrostatic system without any dielectrics. The magnetic field intensity HP at a point P is given by where d\ Q is the element of volume where the permanent magnetization M is situated, and rPQ is the magnitude of the distance between this element of volume and the point P for which the value of H is being com puted. Hence, at each point, H is the resultant of several components due to each of the several permanent magnets. Suppose now that we divide the permanent magnets into two classes denoted by and e respectively. Then according to (11.9), we have where H* and Hf denote the contributions to H of the and e magnets respectively. Now suppose that all the i magnets move relatively to the e magnets without any change in the mutual configuration of the i magnets or in the mutual configuration of the e magnets. Then the first two terms in the integrand of (11.11) vanish and this formula simplifies to §Wm = -J j V i { M i SH< + MeSHi}. (11.12) Moreover by the same reasoning that led to (11.10) we have
where d Y e is the element of volume where the magnetization is Mc and rPe is the magnitude of the distance of this element from the point P where Hc is being computed. We deduce, using integration by parts, that
where rie is the distance between the element of volume where the magnetization is M, and the element of volume where the magnetiza tion is Mc. Consequently for a variation of the position of the rigid system of e magnets relative to that of the i magnets (11.15) by symmetry. Substituting from (11.15) into (11.12) we obtain finally SWw = -J rfV M, SHe, (11.16) the well-known formula for the work of moving a permanent magnet in an inhomogeneous " external field " He.
Incidentally it can be shown that if an element of magnetic matter of magnetic moment m is moved in an " external field " He due entirely to fixed rigid permanent magnets the work required is 8Wm= -r n 8 H e, (11.17) whether the magnetism of the element be permanent or induced. We wish however to emphasize that formula (11.17) is not valid if there is any induced magnetism other than that in the one element being moved. Nor is a formula of the type (11.16) or (11.17) valid for the displacement of a finite piece of magnetic matter with induced magnetism because it ignores the change in the magnetization of one part of the matter moved induced by the change in magnetization of the other parts.
12-C riticism of oth er T rea tm en ts
As already mentioned our treatment is an elaboration of that of Cohn.* The chief point on which we differ from Cohn is that in our formula for se",
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B dH , ( 12. 1)
we choose as lower limit of H the value -4ttM/[x. This corresponds to a state in which B is everywhere zero and so one in which no work is done by the magnetic forces when any of the circuits or magnetic matter are moved, provided only that the circuits which neutralize the induction due to the permanent magnets are rigidly attached to these. Cohn on the other hand uses the integral J_ 4n KC B dH ( 12.2) with a lower limit H zero everywhere. We do not see how in the presence of permanent magnets it is possible for H to be everywhere zero. In the absence of permanent magnets our formulae would become identical with Cohn's, apart from the fact that he uses rational units with un necessary 47t factors omitted. Jeansf gives a formula which in our notation becomes Wm = h f
d\^H\(12.3)
His deduction involves the assumptions:
1. Permanent magnets have zero permeability; 2. Fields of several permanent magnets superpose.
Assumption 2 is, of course, true in the absence of induced magnetization, but if there is other magnetic matter present besides permanent magnets it is not true unless [i is independent of H. Jeans's formula is therefore restricted to systems containing only rigid (unpolarizable) permanent magnets, diamagnetic and paramagnetic matter but no ferromagnetic matter. L. Bloch* wherever he gives formulae for magnetic energy assumes that B/H is a constant.
F. Blochf obtains formulae, such as those of §11, by considering interaction between two rigid (unpolarizable) permanent magnets in the absence of other magnetic matter and then, without any comment, applies these formulae to induced magnetism. He also ignores the distinction between the total magnetic field and the external magnetic field under conditions where according to his own criterion such a procedure is not justifiable.
LivensJ gives a treatment of magnetic energy treating it as potential energy. He then states: " If it is desired as usual to treat it as kinetic energy all signs must be reversed ". As already mentioned we disagree with this statement. We find on the contrary that the magnetic term in the Hamiltonian and in the Lagrangian functions are as follows:
